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Abstract 

We prove the Complete t— intersection problem for set partitions of [n] 
when t < n/3. To extend the proof for the larger t it is necessary to 
consider analytical property of the explicit function. 

I Introduction 

Let V(n) be the set of partitions of set [n]. We say that two partitions 
Pi,P2 £ V(n) are t— intersect if they have at least t common parts. The 
main problem we consider here is obtaining the maximal cardinality of t— 
intersection family from V(n). We say that i is fixed in the partition p e V(n) 
if it contains {i}. Denote f(p), p6 V(n) the set of points from [n] fixed by 
p. 

Denote Qt{n) the family of t— intersection sets from V(n). Let 
M(n,t) = max{|^4| : A C fi t (n)}. 
Main result of this work is the proof of the following 
Theorem 1 Let n/3 > t > 2, then 

M(t, n) = max \{p G V{n) : [t + 2r] D /(p) > t + r}\. 

r£[0,L(n-t)/2j] 
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Our proof extend the ideas from the work [5] , where was solved the complete 
intersection theorem for set of permutations and t— intersection in that work 
considered as concidence by common cycles. In |T] was proved the particular 
case of intersection problem for set partitions. There was proved, that for 
sufficiently large n > n (t) 



Thus our Theorem deliver the complete solution of t— intersection problem 
for the set partitions when t < n/3. 

Let's, make some definitions and consider some relations which we will 
use later. 

Bell numbers B{n) satisfy the following relations 



Also we need numbers B(n) , which are number of elements in V(n) which 
do not have singletons . They satisfies relations 



Now we return to the proof of main problem. 
II Proof of the main Theorem 

Define fixing procedure F(i,j,p),i ^ j 6 [n] on the set of partitions 



M(t,n) = B(n-t), 

where B(n) is Bell number, the number of elements in V(n). 
Also from PQ we know that (n > 2) 

M(l,t) =B(n-l). 




(1) 






peV(n) ([!]) : 



F(i,j,p) 



p, i ep 1 ep, j p', 
pu{i}, {ij}cp'ep 
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where p is partition, obtained from p by excluding point i from corresponding 
part of p. 

Then fixing operator on the set A C fit(ra) is defined as follows (p G A) 



F(i,j,p,A) 



F(i,j,p), F(i,j,p)#A, 
p, F(i,j,p)eA. 



At last define operator 

F(i,j,A) = {F(i,j,p,A);peA} 

It is easy to see, that fixing operator T{i, A) preserve volume of A and its t— 
intersection property. At last note, that making shifting operation finitely 
number of times we obtain from the set A compressed set, which has the 
property that for all i ^ j, G [n] 

J c (i,j,A) = A 

and arbitrary pair of partitions pi,p2 from the compressed A intersect by at 
least t fixed points. 

Next define (usual) shifting procedure L(v,w,p), l<v<w<nas 
follows. Letp = {{ji, . . .J q _ 1: vJ q+1 , . . .,j a ), {w},7Ti, . . . ,tt c } G A, then 

L(v,W,p) = {ji, . . .,j q - U W,j q+ i, . . . , j s }, {u},7Ti, . . .,p s }. 

If p G A does not fix v we set 

L(v, w,p) = p. 
Now define shifting operator L(v,w,p,A) as follows 



L(v,w,p, A) 



L(v,w,p), L(v,w,p)£A, 
p, L(v, w,p) G A. 



At last we define operator C(v,w,A) : 

C(v,w,A) = {L(v,w,A); p G ^4}. 

It is easy to see that operator C(v,w,A) does not change the volume of A 
and preserve t— intersection property. Also it is easy to see that after finite 
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number of operations we come to the compressed t— intersection set A of 
the volume for which 

L(v, w, A) — A, 1 < v < w < n 

and each pair of permutations form A t— intersect by fixed elements. Next 
we consider only such sets A.. 

Let V(v, w, A) be the same operator as £(v, w, A) but without condition 
v < w (but still v ^ w). 

Denote 

E-r('T'P(»-^+M 

m= e?;„'(V)b(«-¥-^). 

need the following 

Lemma 1 Let \A\ = M(n,t), 

D{v,w,A) = A, ^v^w<i 
and for t = t + 2r the inequality 

£ + 1 



2 ~ - 1 - 



> P(t + 2) (4) 



holds. Then V(v, w,A) = AVv^w<£ + 2. 
Let 

|^| = M(t,n) 

and A is invariant under shifting and fixing operators . Let 

V(v, w, A) = A, 1 < v, w < £, 

but 

A^V(v,£+l,A) 

for some v G [£]. 
We set 

A' = { P eA: D(v,£+l, P ) £A,ve [£]} 

We identify 2^ with the family of subsets of [n\. 
Define 

B(A) = {/(p); p G A} C 2H 
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It is easy to see, that the set B(A) is upper ideal with the order induced by 
inclusion. Denote M(A) the set of minimal elements of B{A). 
Let 



where 



s + (M(A))= max s + (M), 
MeM(A) 



s + (M) = maxi. 



We also need one more lemma. 
Lemma 2 Let \A\ = M(n,t), s + {M{A)) = I. Then 

i-t 



2(1-1) 



m < i. (5) 



Later we show that there exists unique i satisfies inequalities fll]) and fl5]). 
From this follows statement of the Theorem. 

First we prove [TJ Assume that A' ^ 0. 

Let 

A(i) = { P eA'-. \f( P )n[£]\=i}. 

It follows that A{i) ^ for some i G [£]. 
Let 

A'(i) = {f(p)n[£ + 2,n}; p G A(i)}. 

Denote 

B{i) = {p G Tin) : \B(p)n [£]\ =i- 1, £+lGj9, /(p) n + 2, n] = A'(i)}. 
We have 

W)l = (f) E S(n-i-|/(p)|), 

l*WI = f-l!) E S(n-i-|/(p)|) 
and for any i G [£ + 1] , we have 

C(i) = (.A \ U £(£ + t - i) G fi^n). 

Next we demonstrate, that if A(i) ^ and (at first) i ^ ^jp, then 

max{|C(i)|,|C(l + t-i)|} > |^| (6) 
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and come to contradiction of the maximality of A. 
Suppose that is not valid, then 



(/_,) E B(n-i-\f(p)\)< ( [_\ E B(n-(£ + t-i)-\f(p)\) 
V / veA'd) \ Z + 1 v P <EA'(t+t-i) 



( 1 
\£ + t-i- 

We have A(i) ^ hence A(£ + t - i) ^ and 



) £ J3( n -(* + t-i)-|/(p)l)< E S(n-i-|/(p)|). 

/ P eA'(l+t-i) W P eA'(i) 



i(£ + 1 - i) < (£ - % + l)(z + 1 - t). 

Because t > 2 the last inequality is false. This contradiction shows that 
A{i) = for % ± *±*. 

Consider now that 2 1 + Next we demonstrate that if (jl]) is true, then 

We have 



A 



Next introduce set 



i+t 

v 2 / p&A (*±T 



£ B(n-i-|/(p)|). 



C = {j9GP(n): |/(p)n[/]| = i^-l; J + l.ne/fr), 



f(p)n[£ + 2,n] eA' 



Denote 



VlpeA' 



• + t 



{n} G p 



It is easy to see, that 



A\\peA 



+ t 



{n}?f(p) UC cO t 
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Next we demonstrate, that if A (^) 7^ 0, an d (@J is true, then we come to 
the contradiction of the maximality of A: 



\g\ > \a\. 



(7) 



6 



We have 



\C\=(J_ 1 ) E B{n- e -±±-\f(p)\ 

\ 2 / peA ,f!±t) ; { n}ef (p) V 



Inequality (J7J) is equivalent to 



E B(n-'-±!-\f{p)\ 
> E *(n-^-|/(p)l) 



e+t 



E sfn-^-|/(p)|). 



From here we have 



Hence 



V 2 / pe^'(^), {n}e P V 

> fill E s(n-it*-|/(p)|). 

V 2 / p eA'(m V ' 



V + 1 " ' Ep^ m>{n}6 pS(n-^-|/(p)| 
Let's prove that 

P(£ + 2) (8) 

If proved, then it follows that (j4|) is true and we need the condition of 
Lemma [1] only for |^4| to be maximal. Thus to complete the proof of Lemma[T] 
we need to prove inequality (JSJ). 
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Inequality (|S]) is the consequence of FKG inequality. Indeed, consider 
more strong inequality 

' <~ h IT* ,Ls ( 9 ) 



£xer>gx B [n ^ Exe2[™-(*+ t )/2-i] jXe x B [n ^ 1^ 

where T C 2[ n ~^ + *)/ 2 ~ 1 J is upper ideal and x 6 [n — (£ + t)/2 — 1]. Remind, 
that FKG inequality says that for /i : 2^ — >• i? + , such that 

H(a)n(b) < n{a n 6)/i(a U 6), a, 6 e 2 H , (10) 

and for pair of nondecreasing functions : 2^ — >■ the following in- 

equality is valid 

E Mmon E KY)h(Y) < E A*(n/i(n/ 2 (y) E t*0O- 

y g2 [ m l yg2[" l l yG2l m l ye2l m l 

(11) 

Now we choose 

^Y)=b[u- 1 -^-\Y\\. (12) 

Note, that if f lTUj) is true for this choice of /x, then setting /i = IxeTixex, fi — 
I x&2 [ n -(t+t)/2-\\ xeX in ( 1TT|) prove inequality (123]) . Now we prove, that /i 
from (Q2]) satisfies ATO] ). 

From (CQ) an ([3]) follows formula 

5(„) = i53iL_iL. (is) 

Then we should prove that for a, 6 > 0, 5 < mina, b, 

B(n - a)B(n - b) < B(n - 8)B{n - a + b - 5) (14) 

Using formula ( 12 ip it is easy to see that inequality (j!4p follows from the 
inequality 

■n—a -n—b , -n—b -n—a ^ -n—5 -a+b—5 , -n—5 -a+b—5 /-i r\ 

i ] +i ] <i J +] i ■ (15) 

which can be easily verified proving the convexity of the function on 5 in the 
RHS of (fT5]) in the interval [a, b] by differentiation. 
Next we prove Lemma [2] . Define 

M (A) = {Ee M(A); s + (E) = s + (M(A)) = £} 
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and 

M X {A) = M{A)\M {A). 
It is easy to see, that for E x G M (A), E 2 G Mi(A), 

\(E 1 \{£})nE 2 \ >t 

and for E Xl E 2 G M (A), \Ex HE 2 \=t, 

\Ex\ + \E 2 \ =£ + t. 

Put 

M {A) = UiR(i), 

where 

R(i) = M (A) n 

Denote 

R'(i) = {E\{£}; EeR(i)}. 

Next we are going to prove, that if (jlj) is not true, then R(i) = 0. 
Suppose, that R(i) ^ for some i. At first assume, that i ^ 
For C C 2^ with the set of minimal elements M denote V(C) C V(n) 

the complete set of partitions for which M is a set of minimal elements of an 

upper ideal of the set of fixed points. 
Denote 

Fx = Mx(A) U (M (A) \ (R(i) UR(£ + t- i))) U R'{i), 

F 2 = Mx(A) U (M (A) \ (R(i) UR(£ + t- i))) U R\£ + t-i). 

It is easy to see that for E X ,E 2 G F h \E X C\E 2 \ > t and thus F(Fx), V(F 2 ) G 
flt(n). We are going to show, that if R(i) ^ 0, then 

max{\V(F 1 )\,\V(F 2 )\}>\A\ (16) 

which gives us contradiction. 
We have 

n-t ( n -f\ . 

\ V{F X )\ = \R(£ + t-i)\ = . )B(n-£-t + i-j) (17) 

j=o \ 3 J 
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and 



Also 



n-t / n _ 



\V{F x )\A\ = \R{i)\Y,[ , )B(n-i-j + l). (18) 
j=0 \ 3 J 



n ~ l (n- A ~ 

\A\V(F 2 )\ = \R(i)\Y,( . )B(n-i-j), (19) 



3=0 



3 

n-i 

\V{F 2 )\A\ = \R(£ + t - B(n - £ - t + t - j + 1). (20) 

3=0 

If ([16]) is not true, then from (II7I)-(I201) it follows 



n ~ e 'n - 1\ ~ , , , , . . , 5=£ / n - 



\R(i)\J2[ ■ )B{n-i-j + l)<\R(£ + t-i)\J2[ . )B{n-e-t + i-j), 
j=o \ 3 / j=o V 3 J 

n-e fn-t\ - n ~ l fn-£\ - 

\R(£ + t-i)\J2( . l )B(n-£-t + i-j + l)<\R(i)\J2{ . l )B(n-z-j). 
j=o \ 3 J j=o \ 3 J 

These inequalities couldn't be valid together due to monotonicity of B(n). 

Now consider the case i — We are going to prove, that if inequality §5§ 
is not true, then R (if) = 0. Simple averaging argument shows that there 
exists i G [£ - 1] and Z C R' such that i G E for all E G Z and 



2(<-l) 



r! 



(21) 



Because |£i n E 2 \ > t, E h E 2 G Z and = 0, % ^ ^ then for all 
Ei,E 2 G -D, where 

d=(m{A)\r^±^uz 

we have |Ei PI E 2 \ > t. Hence V(D) G fi t (n) and we left to show that if ([5]) 
is not true, then 

\V(D)\ > \A\. (22) 
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Consider the partition 



A = V{M{A)) = S x U S 2 , 
Si = V (m(A) \ R (l±± 



and partition 



Then ( 12 2 p is equivalent to 
It is easy to show that 



V(D) = Si U S 3 , 
S 3 = V(D)\S 1 . 

S3 > S*2 . 



\s*\ 

\Ss\ 



R 



+ t 



n-i 

E 

3=0 



n 



\B n 



+ t 



J 



B n 



3=0 



J 



Using ( l2~Tj) and (|23|) we conclude that 



-t 



2(1-1) 



R 



+ t 



n-t+l 

E 

3=0 



n-i + Y 



5 n 



+ t 



(23) 



+ 1-3 



> 



R 



+ t 



B (n- - j 



Last inequality is equivalent to the opposite inequality to ()5]) (if i? (^) 7^ 0-) 
But from here follows the contradiction of the maximality of A. Thus ([5]) 
holds. 

Now we rewrite inequality (BJ as 



+ 2 < t + 2 



t- 1 

+ 2) - 2' 
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and inequality (EJ) as 

t - 1 

£ < t + 2 



m- 2' 

It is left to show that from inequality function 

t - 1 



(p(£) =t-£ + 2 



m - 2 



change sign in the interval [t, n] not more than one time. We will not try to 
prove (or disprove) this, but only show that tp has this property if t < n/3. 
To prove this we first show that <p is U— convex on interval [t,n]. Obviously 
(p(t) > and when t < n/3, then f(n) < 0. From these fact will follow the 
statement of the Theorem [T] . 
We have 

m g° C7'P (« - y + 1 - j) + CTP (» - -i 



E?,1("jQa(n-^ + i- 
E?=1 ("-')« (" - ¥ - i 

Now using identity (|2ip we derive the relations 

7 ( ni 4t)=£( n 7'Wn-^-/ 



i=i i=o \ 3 J 



i=2 

Similar calculations show the validity of the following identity 

7 (n + 2,£ + 2,t) = E( n J^(^-^ + l-/ 
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Hence we have for /3(£) — 2 the expression 

7 (n + 2,£ + 2,t) YZ2 



e-t 



(i-l)^T + 1 (i-2) n - e 



j{n,l,t) ^oo (i-l)-2-(t-2)"-< 

2^i=2 i\ 



^i=2 i\ 



A=2 i\ 

We obtain the following expression for the function (p(£) 



(p(£) =t-i + 2(t-l) 



t-± 
_j 

a 



2^i=2 



oo (i-l)V(i-2)"-W 
i=2 il 



It is easy to show that second derivative of this function is negative, this 
complete the proof of the Theorem [T] . 
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